We study the amount of classical communication needed for distributed quantum information processing. In particular, we introduce the concept of "remote preparation" of a quantum state. Given an ensemble of states, Alice's task is to help Bob in a distant laboratory to prepare a state of her choice. We find several examples of an ensemble with an entropy S where the remote preparation can be done with a communication cost lower than the amount (2S) required by standard teleportation. We conjecture that, for an arbitrary N -dimensional pure state, its remote preparation requires 2log 2 N bits of classical communication, as in standard teleportation.
In quantum information processing, a new complication arises: the input and output states may be nonclassical. The simplest example is an entangled state. (More subtle form of nonlocality without entanglement also exists [6] .) The study of classical communication cost in quantum information processing can, thus, be regarded as a natural generalization of quantum communication complexity by allowing the inputs and outputs to be (possibly non-separable) quantum states, rather than classical ones.
C. Prior Works
There are a number of prior works. The first paper on the subject of CCCIQIP is probably the seminal teleportation paper [1] , in which it is shown that an arbitrary unknown state (possibly entangled with an external system) in an N -dimensional Hilbert space can be transmitted by the dual usage of prior entanglement and 2 log 2 N classical bits of communication.
shown in [3] that entanglement dilution can be done in the asymptotic limit with a vanishing amount of classical communication. As a consequence, entanglement is, indeed, a fungible resource. That is to say that the same amount of two-party pure state entanglement in different forms or concentrations can truly be regarded as equivalent because they are interconvertible into each other [8] , with a negligible amount of classical communication cost between the two parties [3] . A key point of their argument is that there is a huge degree of degeneracy in the Schmidt coefficients [9] of the relevant bi-partite state.
Recently, discussion on the classical communication cost of entanglement manipulations has also been made by Nielsen [10] D. Related Works CCCIQIP is also related to other subjects. For instance, Brassard, Cleve and Tapp [11] have studied the issue of simulating entanglement with classical communication. Another related subject is quantum non-locality without entanglement [6] . It concerns the opposite question, namely the crucial role of quantum entanglement in a rather novel context. CCCIQIP and many other studies can be regarded as the investigations of limiting cases of quantum information processing, in which the cost of one type of resources (entanglement or classical communication) is often ignored.
E. Main Result
Our main results are as follows: First of all, as first pointed out by Daniel Gottesman [12] , the usual teleportation [1] can be decomposed into a two-stage process. Starting with a pure state a|0 + b|1 in Alice's side and an EPR pair shared between Alice and Bob, the first stage will lead to an entangled state a|00 + b|11 shared between Alice and Bob. The second stage will lead to a state a|0 +b|1 fully in Bob's hand. Moreover, each stage requires a single bit of classical communication. (This works not only for a pure initial state, but also for a qubit that is entangled with an ancilla.)
Second, we give a simple procedure that halves the amount of classical communication cost in entanglement dilution compared to even the improved scheme in [3] . This is done by noting that only the first stage of teleportation is needed for entanglement dilution. (The second step can be simply skipped.)
Third, we move on to consider the following general problem, which we shall call "remote preparation" following Popescu [13] . Suppose Alice and Bob initially share some entanglement. We only allow Alice to send classical bits to Bob. Alice's goal is to help Bob to prepare some pure state chosen from some specific pre-agreed distribution. The key difference between remote preparation and the usual teleporation is that, unlike teleportation, we assume in remote preparation that Alice knows the precise state of the object that she is trying to help Bob to prepare. (Put it differently, Alice is given an infinite number of copies of the pure state and is required to transmit only one to Bob.) In addition, the pre-agreed distribution may not be totally random. We have some theorems and a conjecture. With some appropriate constraints on the distribution, one can use our theorems to reduce the classical communication cost below what is required in teleportation even in the asymptotic case. In other words, remote preparation of constrained states in some cases offers a discount rate compared to full-blown teleportation of an ensemble with the same amount of entropy. This is a priori surprising result. We conjecture that such reduction in classical communication cost is impossible for an unconstrained state.
II. TWO STAGE TELEPORTATION
Suppose Alice would like to transmit an unknown qubit a|0 q + b|1 q to Bob. Instead of sending it directly to Bob via a quantum communication channel, Alice can achieve the same goal by using a classical channel, provided that Alice and Bob initially share some entanglement. This process is called teleportation [1] . Transmission of each qubit requires two classical bits of communication. (It can be shown that teleportation works not only for pure states, but also for states that are entangled with ancillas.) In what follows, the well-known teleportation process will be decomposed into two steps. The following result was pointed out by Gottesman [12] .
Theorem 1: Two-stage teleportation. Suppose Alice and Bob share an EPR pair and that Alice is given an unknown qubit a|0 q + b|1 q in her hand. There exists a two-stage process for transmitting the unknown qubit to Bob such that, on completion of the first step, Alice shares with Bob an entangled state a|00 AB +b|11 AB and on completion of the second step, the state a|0 B + b|1 B is fully in Bob's hand. Furthermore, each step requires a single bit of classical communication.
Remark A: Essentially the same procedure works for an initial state that is entangled with an ancilla.
Remark B: An analogous procedure works for Ndimenssional state with log 2 N classical bits of communication needed for each step.
Proof:
Step 1: Alice applies an exclusive OR (XOR) between the unknown qubit, q, and her member, A, of the EPR pair that she shares with Bob, with the unknown qubit as the target qubit. Since
one gets
Now, Alice measures the qubit q and sends the outcome, a single bit, via a classical communication channel to Bob. If the outcome is 0, Alice and Bob share a|00 AB + b|11 AB as required. If the outcome is 1, they share b|00 AB + a|11 AB . Alice and Bob can now apply a bi-local unitary transformation |0 → |1 to obtain the desired state a|00 AB + b|11 AB .
Step 2: Alice applies a Hadamard transformation on her member of the shared pair. She then measures it and sends the outcome to Bob. On receiving Alice's outcome, Bob applies a unitary transformation on his member of the shared pair to recover the unknown qubit. Mathematically, the Hadamard transform is, up to an overall normalization,
Therefore,
Now Alice measures A. If she obtains 0 as the outcome, then Bob has a|0 B +b|1 B as required. Similarly, if Alice obtains 1 as the outcome, Bob then has a|0 B − b|1 B which can now be converted to a|0 B + b|1 B by applying the Pauli operator, σ z . QED. For experts in stablizer codes, the above result is rather trivial. However, theorem 1 has a simple application on entanglement dilution: Corollary 2: One can halve the amount of classical communication needed for entanglement dilution.
Proof: For entanglement dilution, the desired output state of Bob is entangled with Alice. Therefore, all is required is the first step of the two-step teleportation procedure. By skipping the second step, one saves half of the classical communication cost.
Remark C: Corollary 2 applies not only to a naive entanglement dilution scheme, but also to the advanced scheme proposed in [3] , which requires an vanishing amount of classical communication in the asymptotic limit.
III. REMOTE PREPARATION OF CONSTRAINED STATES
So far our discussion has been restricted to teleportation. It turns out that the idea of decomposing the transmission process of quantum information into two parts, as employed in Theorem 1, is useful in a more general context. In this Section, we illustrate this point by considering a similar but more general procedure for transmitting quantum information, which has been called "remote preparation" by Popescu. Suppose Alice and Bob initially share some entanglement and subsequently Alice can only send classical bits to Bob. The goal of remote preparation is for Alice to help Bob to prepare some pure state chosen from some specific pre-agreed distribution. The big difference between remote preparation and the usual teleporation is that, unlike teleportation, in remote preparation, Alice knows the precise pure state of the object that she is trying to help Bob to prepare. (Equivalently, Alice is given an infinite number of copies of the pure state and is required to transmit only one to Bob.) Another difference is that, in general, the preagreed distribution does not need to be random. We have the following asymptotic (large N ) result. Proof. By entanglement (concentration and) dilution [8, 3] , Alice and Bob can convert the N S ebits of entanglement into N pairs of a|00 + b|11 with a very high fidelity (and with asymptotically vanishing amount of classical communication [3] ). Now, consider a two stage remote preparation process in complete analogy with two-stage teleporation. (i.e., from a|0 a + be iθi |1 a to a|00 AB + be iθi |11 AB and then a|0 B + be iθi |1 B .) Since Alice and Bob already share a|00 + b|11 , they now have a short-cut to step 1. Indeed, they can convert a|00 + b|11 into a|00 + be iθi |11 , for each i, with no communication at all: Using her knowledge of θ i , this can be done by Alice's rotating the phase of |1 under her control, i.e., |1 → e iθi |1 . Alice then performs quantum data compression [4] on her system, compressing it into N S qubits. (Notice that S is the von Neumann entropy of Alice's system.) She then performs the second step of the two-step teleportation process, thus requiring N S classical bits. (This second step requires no extra e-bits.) Bob can now perform quantum date dilution to recover the system. QED.
Remark D: As far as classical communication cost is concerned, our result is optimal. That is to say that N S bits are necessary for the remote preparation of the above ensemble. The reason is the following. S is the von Neumann entropy of Alice's ensemble (i.e., a random ensemble of pure state of the form a|0 B + be iθi |1 B ). By Holevo's Theorem [14] , the quantum signals can be used to transmit N S classical bits to Bob. So, if there were a way to transmit the quantum signals to Bob with fewer than N S bits of classical bits, causality would be violated.
Remark E: The special case where |a| = |b| has also been proven by various people including Popescu [15] .
So far, our discussion has focussed on the classical communication cost. What about the amount of quantum resource (entanglement) for remote preparation? We have the following conjecture.
Conjecture 4: N S
ebits is the minimal amount of entanglement needed for any remote preparation procedure for the N signals of the form a|0 + be iθi |1 where a and b are known to Alice and Bob and θ i 's are known to Alice only, and S = −|a| 2 log 2 |a| 2 − |b| 2 log 2 |b| 2 .
IV. FURTHER EXAMPLES OF REMOTE PREPARATION
In Theorem 3, the moduli, a and b, of the coefficients of each state are independent of i. One might wonder if this is a necessary condition for the reduction in classical communication cost. The answer is no. Indeed, in the following theorem, Theorem 5, we give an example in which reduction of classical communication cost happens even when the moduli of the coefficients vary for the states in the ensemble. What is actually needed is some constraint on those coefficients. 
for all i's. Here, e is known in advance to both Alice and Bob whereas only Alice knows the individual coefficients a i , b i , c i and d i of each state. We claim that only N (1+S) bits of classical communication will be sufficient for such remote preparation, where S = −2{e
] is the entropy of the ensemble.
Remark F: Note that the standard teleportation scheme would require 2N S bits of classical communication. Since S > 1 (except for e 2 = 0 or 1/2), remote preparation always provides some saving in classical communication cost over standard teleportation.
Proof: Our proof is analogous to that of Theorem 3. Let us divide the remote preparation process into two steps. Starting from a i |0 + b i |1 + c i |2 + d i |3 in Alice's hand, the goal of the first step is to obtain an entangled state shared between Alice and Bob, a i |00
The goal of the second step is to obtain
Step 1: Start with their N S ebits, by using entanglement (concentration and) dilution and their common knowledge of e, Alice and Bob can, with a high fidelity, share N objects of the form
where f 2 + e 2 = 0.5, with an asymptotically vanishing amount of classical communication [3, 8] . In what follows, we describe a procedure that allows Alice and Bob to manipulate ψ into a i |00 AB +b i |11 AB +c i |22 AB +d i |33 AB using only a single classical bit of communication.
First of all, Alice prepares a two-state ancilla in the initial state |0 a . She then couples it with her system A and evolves it with a unitary transformation: 
the unitary transformation gives
Now, Alice measures the state of the ancilla, a, and sends the one-bit outcome to Bob. If the outcome is 0, the first step of remote preparation is already done. If the outcome is 1 instead, Alice and Bob can simply apply a bi-local unitary transformation to obtain what is desired. Since each of the N signals requires one classical bit, N classical bits are sent in the first step.
Step 2: As in Theorem 3, Alice applies quantum data compression to the N quantum signals, compressing them into N S qubits. She can then proceed with the second step of the remote preparation in the same way as the second step of the two-stage teleportation, thus sending Bob N S classical bits. Adding the classical communication cost in the two steps, we get N + N S = N (1 + S) bits. QED.
In 
Proof of Lemma 6:
To illustrate the idea of the proof, it suffices to consider a simple example where I = I 1 ∪ I 2 , |I 1 | = 2, and |I 2 | = 3. (In this particular example, the scheme requires a larger amount of classical comunication cost than direct teleportation and is, therefore, not very useful.)
Step 1: By entanglement (concentration and) dilution, Alice and Bob can manipulate their initially shared entanglement into N copies of the form α|00 + α|11 + β|22 + β|33 + β|44 (12) where 2|α| In the current special case, she now evolves her combined system of ancilla and the i-th quantum signal with the following unitary transformation:
Here, the ancilla is further divided into two subsystems, in the right hand side of the equations. From the proof of Theorem 5, it is not too hard to see that, by (i) Alice's measuring the ancilla and sending the outcomes to Bob, and (ii) Alice and Bob's performing a bi-local unitary transformation, Alice and Bob can achieve the first step of remote preparation, i.e., prepare an entangled state of the form a 0i |00 AB +a 1i |11 AB +a 2i |22 AB + a 3i |22 AB + a 4i |44 AB . For each signal, the first step requires log 2 d bits of classical communication.
[Sketch of proof for the general case. Since, for each m, |I m | divides d, the dimension of the ancilla that Alice has prepared, she can divide the ancilla into two sub-systems of dimensions |I m | and 
into
where the ancilla is locally decomposed into two subsystems, anc m 1 and anc m 2 and its state is labelled by a double index (s, t). Suppose Alice measures the ancilla and sends her outcome to Bob. The outcome can be written, locally for each m, as a pair s and t. s contains the information needed for the completion of the first step of remote preparation because it tells Alice and Bob which bi-local unitary transformation to apply to their states in the subspace spanned by {|k r A |k r ∈ I m }. On the other hand, t is unimportant.]
Step 2: As in the proof of Theorem 5, Alice applies quantum data compression to her N signals, compressing them into N S qubits. She then performs the second step of teleportation, thus sending N S classical bits to Bob. By combining the two steps, a total of N [(log 2 d) + S] classical bits are used. QED.
Theorem 7: Suppose that Alice and Bob share initial entanglement and a classical communication channel. Alice would like to help Bob to prepare N tot objects, each of which, say the i-th one, is of the form a i |0 +b i |1 +ce iθi |2 where c is known to Alice and Bob in advance, but a i , b i and θ i are known to Alice only. We claim that N tot (S + 1 − |c| 2 ) classical bits will be sufficient for such remote preparation. Here, S = −[2d
Proof of Theorem 7:
Idea of the proof. We set N tot = N N 1 where both N and N 1 are large and apply Lemma 6 to prove Theorem 7.
To do so, it suffices to show that, in the typical space of N 1 signals, the expression d in Lemma 6 is given by 
Its weight is, therefore, simply c 
V. CONCLUDING REMARKS
In this paper, we study the classical communication cost in quantum information processing (CCCIQIP). A motivation of our study is to better understand the fundamental laws of quantum information processing. Another motivation is the fact that CCCIQIP can be regarded as a generalization of quantum communication complexity, a subject of much recent interest. Our results are as follows. First, we decompose the usual teleportation process into a two-step process, a result pointed out by Gottesman. This leads us immediately to a simple way to reduce by half the classical communication cost in entanglement dilution compared to the earlier scheme [3] . After that, we consider the more general question of "remote preparation", a phrase coined by Popescu. Just like teleportation, Alice and Bob here share prior entanglement and also a classical communication channel. Alice's goal is to help Bob to prepare some state. Its main difference with usual teleportation is that we allow Alice to know exactly the pure state that she is trying to help Bob to prepare. The question is whether Alice can somehow reduce the amount of classical communication using her knowledge on the state. It is shown here that, if there are some appropriate constraints on the ensemble of the states that Alice is trying to send, Alice will be able to reduce the classical communication cost below teleportation. We suspect that some constraints on the ensemble are necessary for saving classical communication cost. Therefore, we have the following conjecture. is an arbitrary pure state of a qubit. Here, the a i and b i are known to Alice but not Bob. We conjecture that such remote preparation requires 2N bits of classical communication.
Remark G: The main difference of the scenario in the above conjecture from that of the usual teleportation is that here we allow only pure states but not entangled states.
To put things in perspectives, only a few examples of remote preparation have been studied in this paper. It would, thus, be interesting to consider more general examples and to attempt to derive a general principle on the classical communication cost of remote preparation. In a more general context, the issue of classical communication cost of other processes (such as entanglement manipulations [8, 7] , entanglement purification [16] ) in quantum information processing deserves careful investigations. Let us conclude by saying that classical communication cost is only one of the several types of resources in quantum information processing. Ultimately, we expect that the fundamental laws of quantum information processing will take full accounts of the various types of resources. Nevertheless, it is our hope that the study of classical communication cost in quantum information processing in combination with other research avenues including [6, 11] , will lead us one step closer to the yet unknown fundamental laws of quantum information processing.
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